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Recently, in the ref. Physica A 296 405 (2001), a new one parameter deformation for the exponen-
tial function exp
{κ}
(x) =
(√
1 + κ2x2 + κx
)
1/κ
; exp
{0}
(x) = exp (x), which presents a power law
asymptotic behaviour, has been proposed. The statistical distribution f = Z−1 exp
{κ}
[−β(E − µ)],
has been obtained both as stable stationary state of a proper non linear kinetics and as the state
which maximizes a new entropic form. In the present contribution, starting from the κ-algebra
and after introducing the κ-analysis, we obtain the κ-exponential exp
{κ}
(x) as the eigenstate of the
κ-derivative and study its main mathematical properties.
PACS number(s): 02.10.Pk, 05.20.-y
I. INTRODUCTION
The Maxwell-Boltzman (MB) statistical distribution f = Z−1 exp[−β(E − µ)] is constructed from the exponential
function which imposes its main features. There are several experimental evidences in various physical systems of
distribution functions with a behaviour different from the one of the MB distribution. Most of the observed deviations
are related with the tails of the distribution which decay slower than an exponential, following a power law [1–3].
A way to obtain new distribution functions consists in modifying properly the exponential function [4,5]. Recently,
in the refs. [6,7], the new, one parameter deformation for the exponential function has been proposed:
exp
{κ}
(x) =
(√
1 + κ2x2 + κx
)1/κ
. (1)
We recall briefly the main properties of the κ-exponential exp
{κ}
(x) = exp
{−κ}
(x) which reduces to the standard
one as κ→ 0, namely exp
{0}
(x) = expx, and shows a power law asymptotic behaviour
exp
{κ}
(x) ∼
x→±∞
|2κx|±1/|κ| . (2)
The κ-exponential decreases for x→ −∞ and increases for x→ +∞ with the same rapidness
exp
{κ}
(x) exp
{κ}
(−x) = 1 , (3)
is a positive exp
{κ}
(x) ∈ R+, and increasing d exp
{κ}
(x)/dx > 0 function ∀x, κ ∈ R and obeys to the scaling law
[exp
{κ}
(x)]λ = exp
{κ/λ}
(λx) . (4)
The inverse function, namely the κ-logarithm, is defined through
ln
{κ}(x) =
xκ − x−κ
2 κ
. (5)
The κ-logarithm is a real and increasing function ∀x ∈ R+. We have that ln
{0}
(x) = lnx and ln
{κ}(x) = ln{−κ}(x).
Its asymptotic behaviour is given by
ln
{κ}(x) ∼
x→ 0+
−
1
|2κ|
x−|κ| ; ln
{κ}(x) ∼
x→+∞
1
|2κ|
x|κ| . (6)
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Finally, the following scaling law holds
ln
{κ}(x
λ) = λ ln
{λκ}
(x) , (7)
from which for λ = −1 we obtain:
ln
{κ}(1/f) = − ln{κ}(f) . (8)
In Figure 1, the plot of the κ-exponential given by Eq. (1) for different values of the parameter κ is reported. The
curve with κ = 0 corresponds to the standard exponential.
The distribution function
f =
1
Z
exp
{κ}
[−β(E − µ)] , (9)
which reduces to the MB one as κ→ 0, has been obtained [6] both as stable stationary state of a non linear kinetics
and as the state which maximizes the new entropic form properly constrained
Sκ =
∫
dnv [ c(κ)f1+κ + c(−κ)f1−κ] ; c(κ) = −
Zκ
2 κ (1 + κ)
. (10)
In Figure 2, the plot of the distribution function given by Eq. (9), for Brownian particles where E = mv2/2 and
µ = 0, vs the dimensionless velocity is reported. The curve with κ = 0 corresponds to the standard MB distribution.
II. ALGEBRAIC STRUCTURES
Let us consider the sum
κ
⊕ between elements of the set X ≡ R introduced in ref. [6]
x
κ
⊕ z = x
√
1 + κ2z2 + z
√
1 + κ2x2 , (11)
and rewrite Eq.(11) under the following equivalent form
x
κ
⊕ z =
1
κ
sinh ( arcsinhκx+ arcsinhκz ) . (12)
Of course we have that x
0
⊕ z = x+ z and all the properties of the standard undeformed sum still hold:
i) associative law: (x
κ
⊕ z)
κ
⊕ t = x
κ
⊕ (z
κ
⊕ t);
ii) neutral element: x
κ
⊕ 0 = 0
κ
⊕ x = x;
iii) opposite element: x
κ
⊕ (−x) = (−x)
κ
⊕ x = 0;
iv) commutative law: x
κ
⊕ z = z
κ
⊕ x.
Thus the algebraic structure (X,
κ
⊕) forms an abelian group.
The difference
κ
⊖ can be defined through x
κ
⊖ z = x
κ
⊕ (−z) and the identity (x
κ
⊕ z) (x
κ
⊖ z) = x2 − z2 holds.
Let us consider the following product
κ
⊗ between elements of the set X
x
κ
⊗ z =
1
κ
sinh
[
1
κ
arcsinhκx · arcsinhκz
]
, (13)
which reduces to the standard product when the parameter κ approaches to zero, namely x
0
⊗ z = x · z.
The product
κ
⊗ has the following properties:
i) associative law: (x
κ
⊗ z)
κ
⊗ t = x
κ
⊗ (z
κ
⊗ t);
ii) neutral element: x
κ
⊗ I = I
κ
⊗ x = x;
iii) inverse element: x
κ
⊗ x = x
κ
⊗ x = I;
iv) commutative law: x
κ
⊗ z = z
κ
⊗ x,
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being I = κ−1 sinhκ and x = κ−1 sinh(κ2/arcsinhκx). Thus the algebraic structure (X,
κ
⊗) forms an abelian group.
The division
κ
⊘ can be defined as x
κ
⊘ z = x
κ
⊗ z.
Observe that the sum
κ
⊕ and product
κ
⊗ obey the distributive law t
κ
⊗ (x
κ
⊕ z) = (t
κ
⊗ x)
κ
⊕ (t
κ
⊗ z) and then we can
conclude that the algebraic structure (X,
κ
⊕,
κ
⊗) is a field. When the deformation parameter κ approaches to zero we
reobtain the well known undeformed algebraic structure (X, +, · ) which forms the standard field of the real numbers,
being + and · the standard sum and product, respectively. Finally, for the sum
κ
⊕ and the ordinary product · holds
the pseudodistributive law t · (x
κ
⊕ z) = (t · x)
κ/t
⊕ (t · z) so that the structure (X,
κ
⊕, · ) forms a pseudofield.
We remark that, after introducing:
x
{κ} =
1
κ
arcsinhκx , (14)
Eqs. (12) and (13) can be written as
x
{κ} + z{κ} = (x
κ
⊕ z)
{κ} , (15)
x
{κ} · z{κ} = (x
κ
⊗ z)
{κ} , (16)
and then we can conclude that an isomorphism between (X,
κ
⊕,
κ
⊗) and (X, +, · ) exists.
III. THE κ-DERIVATIVE
Consider the two algebric structure (X,
κ
⊕, · ) and (Y, +, · ) with X = {x, z, t, ...} ≡ R and Y = {y, u, v, ...} ≡ R.
Let us introduce the set of the direct functions F = {f : X
f
→ Y } with F ⊆ C∞(X) and the set of the inverse
functions G = {g : Y
g
→ X} with G ⊆ C∞(Y ).
We define the κ-derivative for the functions of the set F through
d f(x)
d
{κ}x
= lim
z→x
f(x)− f(z)
x
κ
⊖ z
, (17)
with x, z ∈ X and f(x), f(z) ∈ Y . The κ-differential d
{κ}x is given by
d
{κ}x = limz→x
x
κ
⊖ z = lim
z→x
x2 − z2
x
κ
⊕ z
=
d x√
1 + κ2 x2
. (18)
It is easy to verify that d
{κ}x = dx{κ} , being x{κ} given by Eq. (14). We observe that the κ-derivative, which reduces
to the usual one as the deformation parameter κ→ 0, can be written in the form
d f(x)
d
{κ}x
=
d f(x)
d x
{κ}
=
√
1 + κ2 x2
d f(x)
d x
, (19)
from which it appears clearly that the κ-calculus is governed by the same rules of the ordinary one.
The κ-exponential exp
{κ}
(x) given by Eq. (1) can be defined as eigenstate of the κ-derivative for the direct functions
d exp
{κ}
(x)
d x
{κ}
= exp
{κ}
(x) . (20)
Analogously the κ-derivative of the functions of the set G is defined through
d
{κ} g(y)
d y
=
d g(y)
{κ}
d y
= lim
u→y
g(y)
κ
⊖ g(u)
y − u
=
1√
1 + κ2 g(y)2
d g(y)
d y
, (21)
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with y, u ∈ Y and g(y), g(u) ∈ X .
The κ-logarithm can be viewed as the inverse function of the κ-exponential and can also be defined using the
κ-derivative for the inverse functions through
d
{κ} ln{κ}(y)
d y
=
1
y
. (22)
We recall that in ref. [6], starting from the κ-exponential and after defining the κ-sine and κ-cosine, the κ-hyperbolic
and κ-cyclic trigonometries have been introduced. The inverse functions can be introduced also from the κ-logarithm
so that a κ-mathematics can be constructed naturally which reduces to the standard one as the deformation parameter
approaches to zero.
IV. COMPOSITION OF PROBABILITIES
The previously introduced κ-sum permits us to write the following relevant property of the κ-exponential
exp
{κ}
(x) exp
{κ}
(z) = exp
{κ}
(x
κ
⊕ z) , (23)
which, when z = −x, reduces to Eq. (3). From Eq. (23) the following property of κ-logarithm immediately results
ln
{κ}(f · h) = ln{κ}(f)
κ
⊕ ln
{κ}(h) , (24)
which, in the case h = 1/f , reproduces Eq. (8).
Commonly exp
{κ}
(x) represents a probability distribution function while x is a dimensionless energy. Then, in Eq.
(23), the standard composition of probabilities with a deformed additivity of energies appear. In the following we
show that it is possible to preserve the standard additivity for the energies if we modify properly the composition rule
of the probabilities.
For simplicity we limit ourself to consider the subset of positive normalized functions D = {f, h, w, ...}. Following
ref. [7], we introduce the new product ⊗
κ
through
f ⊗
κ
h = exp
{κ}
(
ln
{κ} f + ln{κ} h
)
, (25)
which reduces to the ordinary product as κ→ 0, namely f ⊗
0
h = f · h.
The product ⊗
κ
has the same properties of the ordinary one:
i) associative law: (f ⊗
κ
h)⊗
κ
w = f ⊗
κ
(h⊗
κ
w);
ii) neutral element: f ⊗
κ
1 = 1⊗
κ
f = f ;
iii) inverse element: f ⊗
κ
(1/f) = (1/f)⊗
κ
f = 1;
iv) commutative law: f ⊗
κ
h = h⊗
κ
f .
Thus the algebraic structure (D, ⊗
κ
) forms an abelian group. The division ⊘
κ
can be defined through
f ⊘
κ
h = f ⊗
κ
(1/h). Finally, f ⊗
κ
0 = 0⊗
κ
f = 0.
It is easy to verify that the product ⊗
κ
and the sum ⊕
κ
defined through :
f ⊕
κ
h = exp
{κ}
{
ln
[
exp
(
ln
{κ} f
)
+ exp
(
ln
{κ} h
) ]}
, (26)
are distributive w ⊗
κ
(f ⊕
κ
h) = (w ⊗
κ
f)⊕
κ
(w ⊗
κ
h).
The sum ⊕
κ
, for which results f ⊕
0
h = f + h, has the following properties:
i) associative law: (f ⊕
κ
h)⊕
κ
w = f ⊕
κ
(h⊕
κ
w);
ii) neutral element: f ⊕
κ
0 = 0⊕
κ
f = f ;
iii) commutative law: f ⊕
κ
h = h⊕
κ
f .
The product ⊗
κ
permits us to write the following property of the κ-exponential
exp
{κ}
(x) ⊗
κ
exp
{κ}
(z) = exp
{κ}
(x+ z) , (27)
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which, for z = −x, reduces to Eq. (3). We note that in Eq. (27) it appears the standard sum of dimensionless energies
together the new deformed product for the probability density distributions. Eq. (27) can be written also in the form
ln
{κ}(f ⊗κ
h) = ln
{κ}(f) + ln{κ}(h) . (28)
Eq. (28) gives a relevant property for the κ-logaritm and in the case h = 1/f , reduces to Eq. (8).
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Figure captions
Fig.1 Plot of the κ-exponential given by Eq. (1) for different values of κ.
The standard exponential corresponds to κ = 0.
Fig.2 Plot of the distribution function given by Eq. (9) with E = mv2/2 and µ = 0, vs the dimensionless velocity
for different values of κ. The standard exponential corresponds to κ = 0.
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